Abstract. We prove that semi-Riemannian manifolds satisfying some curvature condition of pseudosymmetry type are semisymmetric. We give also some inverse theorems.
Introduction
Recently, in [8] a curvature property of pseudosymmetry type of Einstein manifold has been found. Namely we have Theorem 1.1 ([8] , Theorem 3.1). On any semi-Riemannian Einstein manifold ðM; gÞ, n b 4, the following identity is fulfilled
Qðg; RÞ ¼ k ðn À 1Þn Qðg; CÞ:
For precise definition of the symbols used we refer to Section 2 of this paper. Recently, a review of results on curvature conditions of pseudosymmetry type was presented in [3] . Motivated by the above theorem we introduced in [8] a family of curvature conditions of pseudosymmetry type. In particular, in [8] we investigated curvature properties of non-Einstein and non-conformally flat semi-Riemannian manifolds of dimension b4 satisfying the condition ( * ) 1 the tensors R Á C À C Á R and Qðg; CÞ are linearly dependent at every point of M.
It is clear that ( * ) 1 is equivalent on the set U C ¼ fx A M j C 0 0 at xg to
where L 1 is some function on U C . In this paper we study curvature properties of manifolds fulfilling the next condition ( * ) 2 the tensors R Á C À C Á R and Qðg; RÞ are linearly dependent at every point of M.
It is clear that ( * ) 2 is equivalent on U R ¼ fx A M j R À ðk=ðnðn À 1ÞÞÞG 0 0 at xg to
where L 2 is some function on U R . The paper is organized as follows. In Section 2 we fix the notations and present auxiliary results. Section 3 is devoted to quasi-Einstein manifolds satisfying (1) . We prove that such a manifold always is Ricci-simple and fulfills a few more strong curvature identities. Section 4 deals with the non-quasi-Einstein case. It is shown that in this case (1) forces the very special form of the curvature tensor. Theorem 4.2 states that any manifold satisfying (1) is semisymmetric (R Á R ¼ 0; [1] , [14] ). Finally, in Section 5, basing on the inverse theorems (Proposition 3.2 and Proposition 4.2) we give examples of Ricci-simple as well as non-quasi-Einstein warped products satisfying (1).
Preliminaries
Throughout this paper all manifolds are assumed to be connected paracompact manifolds of class C y . Let ðM; gÞ be a connected n-dimensional, n b 3, semi-Riemannian manifold of class C y . We denote by ', R, C, S and k the Levi-Civita connection, the Riemann-Christo¤el curvature tensor, the Weyl conformal curvature tensor, the Ricci tensor and the scalar curvature of ðM; gÞ, respectively. The Ricci operator S is defined by gðSX ; Y Þ ¼ SðX ; Y Þ, where X ; Y A XðMÞ, XðMÞ being the Lie algebra of vector fields on M. More detailed information on the basical notions used in this paper we can find, for instance, in [1] and [13] . Further, we define the endomorphisms X 5 A Y , RðX ; Y Þ and CðX ; Y Þ of XðMÞ by
respectively, where X ; Y ; Z A XðMÞ and A is a symmetric ð0; 2Þ-tensor. Now the Riemann-Christo¤el curvature tensor R, the Weyl conformal curvature tensor C and the ð0; 4Þ-tensor G of ðM; gÞ are defined by
respectively, where X ; Y ; Z; X 1 ; X 2 ; . . . A XðMÞ. Let BðX ; Y Þ be a skew-symmetric endomorphism of XðMÞ and let B be a ð0; 4Þ-tensor associated with BðX ; Y Þ by
According to [12] , the tensor B is said to be a generalized curvature tensor if the following conditions are fulfilled
Clearly, the tensors R, C and G are generalized curvature tensors. Further, for symmetric ð0; 2Þ-tensors E and F we define their Kulkarni-Nomizu tensor E 5 F by
It is easy to see that E 5F is also a generalized curvature tensor. Let BðX ; Y Þ be a skew-symmetric endomorphism of XðMÞ and let B be the tensor defined by (2) . We extend the endomorphism BðX ; Y Þ to derivation BðX ; Y ÞÁ of the algebra of tensor fields on M, assuming that it commutes with contractions and BðX ; Y Þ Á f ¼ 0 for any smooth function on M. Now for a ð0; kÞ-tensor field T, k b 1, we can define the ð0; k þ 2Þ-tensor B Á T by
In addition, if A is a symmetric ð0; 2Þ-tensor field then we define the ð0; k þ 2Þ-tensor QðA; TÞ by
In particular, in this way, we obtain the ð0; 6Þ-tensors B Á B and QðA; BÞ.
Setting in the above formulas We note that the tensor C can be presented also in the following form
Let ðM; gÞ be covered by a system of charts fW ; x k g. We denote by g ij , R hijk ,
the local components of the metric tensor g, the Riemann-Christo¤el curvature tensor R, the Ricci tensor S, the tensor G and the Weyl tensor C, respectively. Further, we denote by S 
Applying (3) in (4) and (5) we get
Qðg; RÞ hijklm
where ðR Á RÞ hijklm , QðS; RÞ hijklm , Qðg; RÞ hijklm and Qðg; CÞ hijklm are the local components of the tensors R Á R, QðS; RÞ, Qðg; RÞ and Qðg; CÞ, respectively. Using the two last identities we obtain
Contracting this with g ij and using (6) and (8) we obtain
. Now we present some results which will be used in the next sections. Lemma 2.2 (cf. [6] , Lemma 3.4). Let ðM; gÞ, n b 3, be a semi-Riemannian manifold. Let at a point x A M be given a nonzero symmetric ð0; 2Þ-tensor A and a generalized curvature tensor B such that at x the following condition is satisfied: QðA; BÞ ¼ 0. Moreover, let V be a vector at x such that the scalar r ¼ aðV Þ is nonzero, where a is a covector defined by aðX
r a n a then at x we have
(ii) If A À 1 r a n a is nonzero then at x we have B ¼
Moreover, in both cases, at x we have B Á B ¼ QðRicðBÞ; BÞ. 
Qðg; CÞ;
We finish this section with two algebraic lemmas.
Lemma 2.4. Let F, E and D be symmetric ð0; 2Þ-tensors on a semi-Riemannian manifold ðM; gÞ, n b 3, such that R Á F ¼ QðE; DÞ on M. Then on M we have
where F is the ð1; 1Þ-tensor on M defined by gðFX ; Y Þ ¼ F ðX ; Y Þ.
Proof. In local coordinates our assumption takes the form
where F hj , E hj and D hj are local components of the tesors F, E and D, respectively, and F r h ¼ g rs F hs . Summing the above equality cyclically in h; j; k we obtain
completing the proof. Proof. Our assumptions imply the equality
Contracting (14) with g hk we obtain
Substituting this equality and (14) into (3) we get C hijk ¼ lG hijk , for some l A R. From the last relation, by contraction with g hk we get l ¼ 0, which reduces this relation to C ¼ 0, completing the proof.
Remark 2.1. In the same manner we can prove that if at a point x A M we have R ¼ gðg 5w n wÞ þ hG then C vanishes at x. Let ðM; gÞ, n b 3, be a non-Einstein quasi-Einstein manifold. It is easy to see that on the set
Quasi-Einstein Manifolds
we have the following decom-position of its Ricci tensor S ¼ ag þ bw n w, where w is a covector field on U S and a and b are some function on U S . Evidently, b and w are nonzero at every point of U S . It is also easy to check that if S has on U S another decomposition of the form S ¼ã ag þb bv n v then on U S we have a ¼ã a and v ¼ rw, where r is some function on U S . Let ðM; gÞ, n b 4, be a semi-Riemannian manifold. With respect to the Theorem 1.1, in the following we restrict our considerations to the subset
Proposition 3.1. Let ðM; gÞ, n b 4, be a semi-Riemannian manifold satisfying on the set U H M (1) and
where w is a 1-form on U and a; b are some functions on U. Then w is an isotropic 1-form on U.
Proof. Applying to (1) the identity (12) we obtain
This, by making use of (15), yields 
Qðg; SÞ; ð18Þ
Further, transvecting (17) with w h we obtain w r w r w s R sklm ¼ fb n À 2 w r w r ðw m g kl À w l g km Þ: ð20Þ
Suppose that there exists a point x A U such that w r w r 0 0 at x.
Now we see that (20) turns into
where
. Thus (16) reduces to
Since b is nonzero at every point of U we have two possibilities:
We suppose that (23) holds at x. Thus we have
where z A T Ã x ðMÞ and r A R. The last relation implies
Now (22) reduces to
Qðw n w; RÞ ¼ 0; ð25Þ which, in view of Lemma 2.1, gives
Transvecting this with w l and using (21) we obtain R hijk ¼ f 1 ðw r w r Þ À1 ðw h w k g ij þ w i w j g hk À w j w h g ik À w i w k g hj Þ:
But this, in view of Remark 2.1, implies C ¼ 0, a contradiction. Thus the case (23) cannot occur and (24) must be fulfilled at x. Now (22), in virtue of Lemma 2.2 gives
Applying Lemma 2.5 we obtain again C ¼ 0, a contradiction.
Therefore w is an isotropic 1-form on U. This completes the proof.
Theorem 3.1. Let ðM; gÞ, n b 4, be a semi-Riemannian manifold satisfying (1) and (15). Then we have the following curvature identities on U:
Proof. To prove the first equality, in view of (15), we must show that a ¼ 0 on U. Taking into account Proposition 3.1 we observe that (15) and (19) imply
First we assert that
on U. Suppose that L 2 0 a nÀ1 (i.e. f 0 0) at some point x A U. From (16), by contraction with g hm , we obtain
where B ij ¼ w r w s R rijs . Further, contracting (17) with g hm and using (15) we get
Now, applying in (28) Lemma 2.4, (15) and (17) we find
This, by transvection with w l and making use of w r w r ¼ 0, turns into
Substituting this into (17) we get
whence it follows that a is nonzero at x. Now (29) yields B ij ¼ À a nÀ1 w i w j and r ¼ À a nÀ1
. Applying this and (31) to (30) we obtain
But this, in view of Lemma 2.5, implies C ¼ 0 at x, a contradiction. Thus we have (27). Now (17) reduces to w h w r R rklm þ w k w r R rhlm ¼ 0 which implies w r R rklm ¼ 0. Further, applying (27) and the above equality to (16) and (18) we obtain Then on the set U we have R Á R ¼ 0, C Á R ¼ 0, and consequently R Á C À C Á R ¼ 0.
Non-Quasi-Einstein Manifolds
First we prove some general formula for semi-Riemannian manifolds satisfying ( * ) 2 .
Proposition 4.1. Let ðM; gÞ, n b 4, be a semi-Riemannian manifold fulfilling ( * ) 2 . Then on the set U the following identity is satisfied
Proof. We can write (1) in the form
Contracting this with g ij , in virtue of (13) and (6), we get
Further, summing cyclically (35) in h; l; m we get
Contracting now (34) with g hm and using the above equality, (7) and (9) we
Contracting (35) with g hm we have E À S 2 ¼ trðF Þg À nF and taking into account (36) we get
Substituting (34) into (12) we get QðS; RÞ hijklm À k n À 1 Qðg; RÞ hijklm À ðn À 2ÞL 2 Qðg; RÞ hijklm
In view of (35) and (37) the right-hand side of this equality is equal to
But this completes the proof.
Theorem 4.1. Let ðM; gÞ, n b 4, be a non-quasi-Einstein semi-Riemannian manifold fulfilling (1) . Then at every point x A U the curvature tensor R is of the form
. Applying now Lemma 2.3 we obtain QðS; RÞ ¼ À
2ðnÀ2Þ
Qðg; S 5SÞ ¼ 1 nÀ2
QðS; g 5SÞ and
Taking into account Lemma 2.2 and our assumption we get rank S > 1 and, consequently, also
À L 2 , in view of the obvious identity QðS; S 5 SÞ ¼ 0, (33) can be written in the form
As in the previous case, in view of Lemma 2.2, we obtain rankðS À tgÞ > 1 and
The last identity can be written in the form
It is obvious that (40) and the last equality are of the form (38). Moreover, it is easy to see that in both cases (39) is also satisfied. Applying now Theorem 2.1 we see that R Á R ¼ 0. This completes the proof.
We have also the following inverse statement.
Proposition 4.2. Let ðM; gÞ, n b 4, be a semi-Riemannian manifold. If at a point x A U the curvature tensor R is of the form (38) and (39) is satisfied then at
Proof. First we observe that (38) and (39), in view of Theorem 2.1, imply R Á R ¼ 0. (38) in local coordinates takes the form
Contracting (41) with g ij we get
Transvecting now (41) with S h l and using (10), (42) and the equality am þ h ¼ bf, which is equivalent to (39), we get
Substituting this into (11) and using (38), R Á R ¼ 0 and Lemma 2.3, after standard but somewhat lenghty calculations, we get
Qðg; RÞ:
This completes the proof.
Remark 4.1. We note that if at x A M the curvature tensor R and the Ricci tensor S are of the form (38) and (15), respectively, then (see Remark 2.1) the Weyl conformal curvature tensor C vanishes at x. Therefore, if x A U then S cannot be of the form (15).
Taking into account Theorem 3.1 and Theorem 4.1 we obtain Theorem 4.2. Let ðM; gÞ, n b 4, be a semi-Riemannian manifold fulfilling (1). Then R Á R ¼ 0 on U.
Examples
We present examples of semisymmetric warped product manifolds satisfying ( * ) 2 .
Let now ðM; gÞ and ðÑ N;g gÞ, dim M ¼ p, dimÑ N ¼ n À p, 1 a p < n, be semiRiemannian manifolds covered by systems of charts fU; x a g and fṼ V ; y a g, respectively. Let F be a positive smooth function on M. The warped product M Â FÑ N of ðM; gÞ and ðÑ N;g gÞ is the product manifold M ÂÑ N with the metric . . . ; ng. We will denote by bars (resp., by tildes) tensors formed from g (resp.,g g). For more detailed information about warped products see to [13] . C annd ¼ À n À 3 4ðn À 2Þ
x a x d g nn :
Using these formulas we can check that on M Â FÑ N we have R Á R ¼ C Á R ¼ 0. 
It is clear that there exist the constants e, e a , and x a such that x f x f is nonzero. Thus the scalar curvature k of M Â FÑ N is nonzero. From (46), in view of Theorem 3.2 of [10] , it follows that on M Â FÑ N we have C Á R ¼ Àðp À 2Þk= ððn À 2Þðn À 1Þðn À p þ 1ÞÞQðg; RÞ.
We note that semisymmetric manifolds satisfying C Á R ¼ 0 as well as warped products fulfilling R ¼ b 2 S 5 S were investigated in [9] and [10] , respectively.
